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FastSolverforSumofTwoKroneckerProducts

•FindUA,VAsuchthatUAA1VA=D1,UAA2VA=D2are
diagonal.SimilarlyUBB1VB=D3,UBB2VB=D4are
diagonal.

b=(A1⊗B1+A2⊗B2)x(1)

(UA⊗UB)b=(UA⊗UB)(A1⊗B1+A2⊗B2)x(2)

b̃=(D1⊗D3+D2⊗D4)x̃(3)

b̃=(UA⊗UB)b,x=(VA⊗VB)x̃(4)
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QZDecomposition

•QZ(A,B)generalizedeigendecompositiontoproduce
eigenvectorsV,triangularA,B,andorthogonalQ,Z,such
thatα=diag(A),β=diag(B),

A=QAZ,B=QBZ,AVdiag(β)=BVdiag(α)

•LetU=Ũ
−1

where

Ũ(:,i)=







AV(:,i)if|αi|≥|βi|

BV(:,i)otherwise

thenUAVisdiagonal,U(BVdiag(α))=U(AVdiag(β))isalso
diagonal.

•ProblemifV(orŨ)isnotfullrank.
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NearestKroneckerProduct

•Givenmn×mnmatrixC,findmatricesA(m×m),B(n×n)

tominimize‖C−A⊗B‖F.

•WantC([ib,ia],[jb,ja])≈A(ia,ja)B(ib,jb)

(reshape(C,[n,m,n,m])),letmm×nnmatrixC̃be
(permute(C,[2,4,1,3])),

C̃([ia,ja],[ib,jb])=C([ib,ia],[jb,ja])=A(ia,ja)B(ib,jb)

•SVDofC̃,leftandrightsingularvectorsreshapedtoA(ia,ja)

andB(ib,jb),

C̃≈σ1vec(U1)vec(V1)
′
+...+σkvec(Uk)vec(Vk)

′

A(ia,ja)=σ1U1([ia,ja]),B(ib,jb)=V1([ib,jb]).
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ComplexProduct

•Considercomplexproduct,

(µ1A1+iµ2A2)⊗((1/µ1)B1−i(1/µ2)B2)=Ar+iAc

whererealpartAr=A1⊗B1+A2⊗B2,complexpart
Ac=(µ2/µ1)A2⊗B1−(µ1/µ2)A1⊗B2.

•Choiceofµ
2

1=‖A2⊗B1‖F,µ
2

2=‖A1⊗B2‖Fto
approximatelyreduce‖Ac‖F

•Sumof4realKroneckerProductscanbecomputedas(real
partof)sumof2complexKroneckerProducts.

•FastsolverviaQZforcomplexmatrixwheninterestedonlyin
therealpart.
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Questions(Ineedhelp)

•InNKP(‖C−
∑

jAj⊗Bj‖),canweimposespecialproperties
orsparsitypatternsonAjorBj,e.g.requireAjbetridiagonal
orBjbediagonal?

•If
∑

jAj⊗Bj(fromNKP)isusedasapreconditionerfor
solvingCx=b,would

∑

jAj⊗Bjbeill-conditioned?

•WhatcanbedoneifQZreturnsrankdeficient”V”(matrixof
generalizedeigenvectors).

•Can3(ormore)matricesbesimultaneouslyreducedto
triangularformorsome”convenient”form?Thiswouldbe
helpfulinasolverforsumof3ormorekroneckerproducts.

•Ifwecaneasilysolveacomplexmatrix(Ar+iAc),canwealso
easilysolvewiththerealpartAr?
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KroneckerProduct

•LetmatricesAbemA×nAandBbemB×nBbeindexedas
A(ia,ja)andB(ib,jb).LetC=A⊗B(orkron(A,B)in
MATLABnotation),thenmatrixCissize
(mA∗mB)×(nA∗nB).

•IfmatrixAis3×3,then

C=









a11Ba12Ba13B

a21Ba22Ba23B

a31Ba32Ba33B







.

•MatrixCcanbeviewedasa4-indexarray
C([ib,ia],[jb,ja])=A(ia,ja)∗B(ib,jb),wherethecomposite
index[ib,ia]=ib+(ia−1)∗mBistheindexinFortran
column-wiseorder.
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